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Abstract. We show that a general n- dimensional polarized abelian 
variety {A,L) of a given polarization type and satisfying h^{A,L) > 

— ■ — is protectively normal. In the process, we also obtain a sharp 
2 n\ 

lower hound for the volume of a purely one- dimensional complex ana- 
lytic subvariety in a geodesic tubular neighborhood of a subtorus of a 
compact complex torus. 

Keywords: abelian varieties, projective normality, Buser-Sarnak invari- 
ant, Seshadri number 

Mathematics Subject Classification (2000): 14K99, 32J25 



1. Introduction and Statement of Results 

Let A be an abelian variety of dimension n, and let L be an ample line 
bundle over A. Such a pair (A, L) is called a polarized abelian variety. 
We are interested in studying the projective normahty of (A, L), which 
plays an important role in the theory of linear series associated to 
{A, L). For each r > 1, we consider the multiplication map 

(LI) pr : Sym'H\A, L) H\A, L®") 

induced by (ai, ■ ■ ■ , cr^) — )■ cxi ■ ■ ■ (Tr for ai , ■ ■ ■ , a,. G H^{A, L). Here 
SynfH^{A, L) denotes the r-fold symmetric tensor power of H^{A, L). 
Recall that {A, L) (or simply L) is said to be projectively normal if pr 
is surjective for each r > L The projective normality of a polarized 
abelian variety {A, L) is well-understood in the case when L is not 
primitive, i.e., when there exists a line bundle L' such that L = L'®*" 
for some integer m > 2 (cf. the references in [ly]). However, not much 
is known for the case when L is primitive. 



^ supported by Basic Science Research Program (ASARC) through NRF funded 
by MEST (2009-0063180). 

^ supported partiahy by the research grant R-146-000-106-112 from the National 
University of Singapore and the Ministry of Education. 

1 



2 



JUN-MUK HWANG AND WING-KEUNG TO 



In the primitive case, the main interest is to find conditions on the po- 
larization type di\d2\ ■ ■ ■ of i^, L) or on /^^(A, L) := dime H'^iA, L) 
(note that h^{A^L) = di---dn) which will guarantee the projective 
normahty of a general {A, L) of a given polarization type. Along this 
line, J. Iyer [ly] proved the following result: 

Theorem 1.1. ([ly, Theorem 1.2]) Let {A,L) he a polarized simple 
abelian variety of dimension n. If hP{A,L) > T^n\, then L is projec- 
tively normal. 

See also |FG] for related results in the lower dimensional cases when 
n = 3,4. These works use the theory of theta functions and theta 
groups. 

Our goal is to relate this problem to the Buser-Sarnak invariant 
m{A,L) of the polarized abelian variety (cf. [L2, p. 291]). Since A is a 
compact complex torus, one may write A = C"/A, where A is a lattice 
in C". It is well-known that there exists a unique translation-invariant 
fiat Kahler form u on A such that ci(L) = [u] G H'^{A,Z). The real 
part of u gives rise to an inner product ( , ) on C", and we denote by 
II II the associated norm on C". The Buser-Sarnak invariant is given 
by 

(1.2) m(A^):= min ||Af. 

AeA\{0} 

In other words, m{A, L) is the square of the minimal length of a non- 
zero lattice vector in A with respect to ( , ) . The study of this invariant 
was initiated by Buser and Sarnak in [BS], where they studied it for 
principally polarized abelian varieties and Jacobians. In particular, 
they showed the existence of a principally polarized abelian variety 
{A, L) with 

(1.3) m(A,L)>-v^. 

In [Ba], Bauer generalized this to abelian varieties of arbitrary polar- 
ization type (cf. [L2, p. 292-293]). 

The relevance of the invariant m(y4,L) in the study of algebro- 
geometric questions was first observed by Lazarsfeld |Llj . where he 
obtained a lower bound for the Seshadri number of {A, L) in terms of 
m{A,L) (cf. [L2, p. 293]). In particular, m{A,L) gives information 
on generation of jets by H^{A, L). Furthermore, Bauer used the exis- 
tence of (A, L) satisfying (11. 3p together with Lazarsfeld's above result 
to obtain the following result: 
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Theorem 1.2. ([Ba, Corollary 2]) Let {A, L) he a general n- dimensional 
polarized abelian variety of a given polarization type. If h^{A,L) > 

— ■ — , then L is very ample. 
2 n! 

Now we state our main result in this paper as fohows: 
Theorem 1.3. A general n- dimensional polarized abelian variety {A, L) 

gn 

of a given polarization type and satisfying h^(A,L) > — ■ — is pro- 

2 n\ 

jectively normal. 

Using Stirling's formula (n! ~ \/2Tr n"'~^^ e~"') , one easily sees that our 
bound in Theorem 11.31 improves Iyer's bound in Theorem 11.11 substan- 
tially for large n. Note that our bound in Theorem 11.31 for projective 
normality is the same as Bauer's bound in Theorem 11.21 for very am- 
pleness. To our knowledge, this is just a coincidence. Although the 
proofs of both theorems use Bauer's generalization of (11.31) . Theorem 
11.21 itself is not used in the proof of Theorem 11.31 Finally it is worth 
comparing Theorem 11.31 with the result in |FGj and |Ru] that there is a 

polarization type di\d2\- ■ - {dn with c/i ■ ■ ■ c/„ = h^{A, L) = — such that 

no abelian varieties of this polarization type is projectively normal. 

We describe briefly our approach as follows. First we obtain an auxil- 
iary result, which is a sharp lower bound for the volume of a purely one- 
dimensional complex analytic subvariety in a geodesic tubular neigh- 
borhood of a subtorus of a compact complex torus (see Proposition 
12.31 for the precise statement). As a consequence, we obtain a lower 
bound of the Seshadri number of the line bundle p^L (g) P2L along the 
diagonal of A x A in terms of m{A,L) (see Proposition 13. 2p . Here 
Pi : A X A ^ A denotes the projection onto the i-th factor, i = 1,2. 
We believe that these two auxiliary results are of independent interest 
beside their application to the projective normality problem. Finally 
the proof of Theorem 11.31 involves the use of the second auxiliary result 
and applying Bauer's result mentioned above in (II. 3p . 

2. Volume of subvarieties near a complex subtorus 

In this section, we are going to obtain a sharp lower bound for the 
volume of a purely 1-dimensional complex analytic subvariety in a tubu- 
lar open neighborhood of a subtorus of a compact complex torus (see 
Proposition 12. 3p . This inequality is inspired by an analogous inequal- 
ity in the hyperbolic setting proved in |HT] . The proof of the current 



4 



JUN-MUK HWANG AND WING-KEUNG TO 



case is much simpler than the one in |HTj . using a simple projection 
argument and Federer's volume inequality for analytic subvarieties in 
a Euclidean ball in C" (cf. e.g. [St] or [L2, p. 300]). 

Let T = C"/A be an n-dimensional compact complex torus associ- 
ated to a lattice A C C" and endowed with a flat translation-invariant 
Kahler form u. For simplicity, we call (T, u) a polarized compact com- 
plex torus. Let ( , ) and || || be the inner product and norm on C"" 
associated to u as in Section [H Next we let S" be a fc- dimensional com- 
pact complex subtorus of T, where < k < n. It is well-known that 
5* is the quotient of a fc-dimensional linear subspace F = of C" by 
a sublattice A5 C A of rank 2k and such that A5 = A fl F. Let F-^ 
be the orthogonal complement of F in C" with respect to ( , ), and 
let qp : C" ^ F and qF± : C" — )■ F-^ denote the associated unitary 
projection maps. Similar to (11.21) . we define the relative Buser-Sarnak 
invariant m{T, S, u) given by 

(2.1) m{T, S, to) := min ||g^x(A)f. 

AeA\A5 

In other words, m(T, S, u) is the square of the minimal distance of a 
vector in A \ A5 from the linear subspace F. 

Remark 2.1. (i) The invariant m{A, L) in (11.21) corresponds to the spe- 
cial case when S = {0} and [u] = ci(L), i.e., m{A, L) = m{A, {0}, u). 
(ii) From the discreteness of A, the equality As' = A (1 F and the 
compactness of 5* = F/As, one easy checks that m(T, S, u) > and 
its value is attained by some A G A \ A5. 

With regard to the Riemannian geometry associated to uj, one also 
easily sees that the geodesic distance function dr '■ T x T ^ M. of T 
with respect to u can be expressed in terms of || || given by 

(2.2) dT{x,y) = mi{\\z - w\\ \ p{z) = x, p{w) = y}, 

where p : C" — )■ T denotes the covering projection map. For any given 
r > 0, we consider the open subset of T given by 

(2.3) Wr := {x G T, I drix, S) < r} D S, 
where as usual, 

(2.4) dT{x,S) := inf dT{x,y) = mm{\\qp±{z)\\ \ p{z) = x} 

y&S 

(note that the second equality in (12. 4p follows from standard facts on 
inner product spaces, and as in Remark 12. H the minimum value in the 
last expression in (12. 4p is attained by some z). We simply call Wr the 
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geodesic tubular neighborhood of S in T of radius r. Next we consider 
the biholomorphism (p : F x F-^ — > C" given by 

(2.5) ^{zi, Z2) = Z1 + Z2 for (2:1, Z2) eF X F^, 

It is easy to see that the covering projection map po (p : F x F-^ — )■ T 
is equivariant under the action of on F x F-^ given by {zi,Z2) — )■ 
{zi + A, 2:2) for (^1,2:2) e F X F"*- and A G A5. It follows readily that 
p o (f) descends to a well-defined covering projection map denoted by 
(p : S X F^ — > T (in particular, is a local biholomorphism). Consider 
the flat translation-invariant Kahler form on C" given by 

(2.6) wc" := ^^dd\\z\\\ z G C", 

which is easily seen to descend to the Kahler form u on T. Consider 
also the fiat Kahler form on F-^ given by Upi^ := cocn^^^, and for any 
r > 0, let Bp±{r) := {z G F-^ | ||2;|| < r} denote the associated open 
ball of radius r. Let cos '■= uj\g- Note that ^j^xjo} given by the 
identity map on S. It admits biholomorphic extensions as follows: 

Lemma 2.2. For any real number r satisfying < r < V"'^^' ■^■'^ ^ 
has a biholomorphic isometry 

(2.7) <Pr : {S, u^s) X (BMr), ^ i^r, 
given by 0, := . 



Proof. First we fix a real number r satisfying < r < — — ^ — . From 

(12. 3p . (12. 4 p and the obvious identity qF±{(l){zi, Z2)) = Z2 for (^1,^2) G 
F X F"*-, one easily sees that (f){S x Bp±{r)) C PVr, and thus the map 
(pr in (12. 7p is well-defined. For each x G Wr, it follows from the second 
equality in (12. 4p that there exists z E C"' such that p{z) = x and 
||g^±(2;)|| = dxix, S) < r. Now, qpiz) descends to a point xs in S, and 
one easily sees that (l)r{xs,qF^{z)) = x with (x5,gp±(z)) ESxBp±{r). 
Thus (pr is surjective. Next we are going to prove by contradiction that 
(pr is injective. Suppose (pr is not injective. Then it implies readily that 
there exist two points (2;i,2;2), (-21,-^2) ^ x Bp±{r) such that 

(i) either zi — z[ ^ As or 2:2 7^ z'2; and 

(ii) 2:1 -|- 2:2 — {z[ + 2:3) = A for some A G A 

(here (i) means that (2:1,22), (^1,-22) descend to two different points in 
S X Bp±{r)). In both cases in (i), one easily checks that A G A \ A^. 
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On the other hand, one also sees from (ii) that qp^W = Z2 — z'2 and 
thus 

(2.8) ||gF^(A)|| < ll^sll + II4II <r + r = 2r< ^m{T, S, oj), 

which contradicts the definition of m(T, S, u) in (12. ip . Thus, (pr is 
injective, and we have proved that (p^ is a bihomorphism. Finally from 
the obvious identity H^iP + ||2;2||^ = H-^i + -2211^ for (^1,^2) G F x F-*-, 
and upon taking ^^^9(9, one easily sees that : (F, up) x (F-*-, Uf-l) 
(C", ucn) is a biholomorphic isometry (cf. fl2.6p ). It follows readily that 
the induced covering projection map (p : {S, us) x (F"*-, Up±) (T, u) 
is a local isometry. Upon restricting to S* x Bp±{r), one sees that the 
biholomorphism (pr is an isometry. □ 

For each x E S and each non-zero holomorphic tangent vector v G 

Tx,T orthogonal to T^. 5, it is easy to see that there exists a unique 1- 

dimensional totally geodesic (flat) complex submanifold i of W^^ ^(t, s,^) 

2 

passing through x and such that Tx,e = Cv. We simply call such i an 

S -orthogonal line of W^ ^f^^, s,lj) ■ For a complex analytic subvariety V 

2 

in an open subset of T, we simply denote by Vol (V) its volume with 
respect to the Kahler form u, unless otherwise stated. It is easy to see 

that for each < r < V^^^i^^ the values of Vol (iCiWr) are the same 
for all the S'-orthogonal lines i in VI^^ ^(t, s,^) • As such. Vol (£ fl Wr) 

2 ___ 
is an unambiguously deflned number depending on r only (cf. (12.90 

below). Next we consider the blow-up vr : T — )■ T of T along S, 
and denote the associated exceptional divisor by E := tt^^{S). For a 
complex analytic subvariety V in an open subset of T such that V has 
no component lying in S, we denote its strict transform with respect 
to TT by V := 7T^^{V \ S). As usual, for an M-divisor F and a complex 
curve C in a complex manifold, we denote by F • C the intersection 
number of F with C. Our main result in this section is the following 

Proposition 2.3. Let (T, u) a polarized compact complex torus of di- 
mension n, and let S he a k-dimensional compact complex suhtorus of 
T, where < k < n. Let vr : T — )■ T 6e the blow-up of T along S 
with the exceptional divisor E = n^^^S) as above. Then for any real 

number r satisfying < r < ^ 1 g^^y py^^^iy \-dimensional 

complex analytic subvariety V of the geodesic tubular neighborhood Wr 
of S such that V has no component lying in S, one has 

(2.9) VoliV) > TTr'^-{V-E) 

= Vol{£nWr) ■ {V ■ E). 
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In particular, for each < r < ^' '^ l ^^^^ g^^/^ non-negative value 

s of V ■ E, the lower bound in Ii2.9\) is attained by the volume of some 
(and hence any) V consisting of the intersection ofWr with the union 
of s copies of S-orthogonal lines counting multiplicity. 

Proof. Let V C Wr be as above. It is clear that Proposition 12.31 for the 
general case when V is reducible follows from the special case when V 
is irreducible, and that (12. 9p holds trivially for the case when VdS = 0. 
As such, we will assume without loss of generality that 

(2.10) V is irreducible, V f] S ^ dl and V S. 

Then V Ci E consists of a finite number of distinct points yi, - ■ ■ 
with intersection multiplicities mi, ■ ■ ■ respectively, so that 

(2.11) V ■ E = mi + ■ ■ ■ + m^. 



By Lemma 12.21 we have a biholomorphic isometry 

(2.12) {Wr,oj\^) = iSx F^{r), r^lus + vI^f^)- 

Here rji : S x F^{r) — )■ S and rj2 : S x F^{r) — )■ F^{r) denote the pro- 
jections onto the first and second factor respectively. Next we make an 
identification F-^ = C"^'^ with Euclidean coordinates zi,Z2,--- ,Zn-k 
associated to an orthonormal basis of {F-^, ( , )|^x)- Under this iden- 
tification, we have 

(2.13) F^{r) = {z= (zi,Z2,--- ,^n-fc) gC"-^'| kl <r}, and 

n—k 



ujf± = — - — dzi A dzi. 



Here \z\ = yYll=i k^P- Note that ri2 (and thus also ri2\y) is a proper 
holomorphic mapping, and thus by the proper mapping theorem, V := 
ri2iV) is a complex analytic subvariety of F-^{r). From ( I2.10p . one easily 
sees that V is irreducible and of pure dimension one, and r]2\y ■ V V 
is a (5-sheeted branched covering for some 5 G M. Note that & V 
since VnS ^ (I), and we denote by fi the multiplicity of V at the origin 
G F-'-(r). Let [V] (resp. [V]) denote the closed positive current 
defined by integration over V (resp. V) in Wr (resp. F-^{r)). Then via 
the identifications in f l2.13p . it follows from Federer's volume inequality 
for complex analytic subvarieties in a complex Euclidean ball (see e.g. 
[St] or [L2, p. 300]) that one has 

(2.14) / [V] A Uf± > fi ■ 7rr\ 
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Next we consider a linear projection map ip • ~^ C from F-^ onto 
some one-dimensional linear subspace (which we identify with C). It 
follows readily from the definition of /i that for a generic tp, 'tp\y, : V ^ 
ip{V') is an /i-sheeted branched covering. Furthermore, by considering 
the local description of the blow-up map vr (cf. e.g. [GH, p. 603]), one 
easily sees that for each yj G V H E, 1 < j < k, there exists an open 
neighborhood Uj of i/j in V such that for a generic ip, the function 
ip o ri2 o it\jj : Uj — )■ C is a defining function for E fl Uj in Uj, so 

that ip °V2 ° ^lync/ mj-sheeted branched covering onto its image, 

shrinking Uj if necessary. Thus by considering the degree of the map 
tp o T]2 o 71^- ioT a generic ip, one gets 

(2.15) S ■ fi = nil + ■ ■ ■ + f^K- 
Under the identification in (12.121) . we have 

(2.16) Vo\{V) = [ [V]Au 

[V]A{r]luJs + V*2^F^) 

S'xF-L(r) 



— / [^] ^ V2^F^ (since rjlus > 0) 

JsxF-^{r) 



= 6 / [V] A ujf± 

JF->-{r) 

(upon taking the direct image r]^) 
> 5- fx-7ir^ (by (^J^) 
= Trr^ -{V-E) (by fimi) and fl27[5|) ). 

which gives the first line of (12.91) . Next we take an S'-orthogonal line 
^ of W^ m(T. s,uj) ■ Then under the identifications in (I2.12p . (I2.13P and 

2 

upon making a unitary change of F-^ if necessary, one easily sees that 
inWr can be given by {x} x {{zi,0, ■ ■ ■ , 0) G C"~'^| \zi\ < r} for some 
fixed point x E S, and it follows readily that 



(2.17) Yo\{£ r\Wr)= [ ^^dzi A d^i = vrr^ 



— - — Lizi /\ azi = /rr^ 

'\zi\<r 

which gives the second line of (12. 9p . Finally we remark that the last 
statement of Proposition 12.31 is a direct consequence of (12.90 . and thus 
we have finished the proof of Proposition 12. 3[ □ 
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3. SeSHADRI NUMBER ALONG THE DIAGONAL OF A X A 

In this section, we let {A = C"/A, L) be a polarized abelian variety 
of dimension n, and let the associated objects ( , ), || || and m{A, L) 
be as defined in Section [H Next we consider the Cartesian product 
Ax A, and we denote hy Pi : A x A ^ A the projection map onto the 
i-th factor. It is easy to see that p^L^p^^L is an ample line bundle over 
the 2n-dimensional (product) abelian variety Ax A, and the associated 
translation-invariant fiat Kahler form on A x A is given by uaxA '■ = 
pI(x! + p^ijJ- In particular, one has 

(3.1) [uaxa] = Ci{plL®plL) eH\Ax A, Z). 
Furthermore, it is easy to see that the diagonal of A x A given by 

(3.2) D := {{x,y) e Ax A\x = y} 

is an n-dimensional abelian subvariety of Ax A. Let m{A x A, D, uaxa) 
be the relative Buser-Sarnak invariant as given in (12. ip . 

Lemma 3.1. We have 

, . . N m{A, L) 

(3.3) m{Ax A,D,ua 



xA 

Proof. First we write A x A = {C^ x C")/(A x A), and we denote 
by ( , )c"xC" ^-iid II ||c"xC" the inner product and norm on x 
C" associated to ujaxA- It is easy to see that as a compact complex 
subtorus of A X A, D is isomorphic to the quotient F/Aij, where F : = 
{{z,z)\z E C"} c C" X and A^? := {(A, A) | A G A} c A x A. 
Denote by F-^ the orthogonal complement of F in C" x with respect 
to ( , )c"xC") and let qp± : C" x C" — )■ F"*- be the corresponding unitary 
projection map. Then for any (Ai, A2) G A x A, one easily checks that 
g^x(Ai, A2) = (^^, ^^), and thus 

('^A\ \\n f\ \ ^l|2 _ II Al - A2 ||2 , II A2 - Ai 2 _ ||Ai - A2P 
(3.4j ||gF-L(Ai, AajllcnxC" - II ^ II +11 ^ II ^ • 

Together with the obvious equality {Ai — A2I (Ai,A2) G (AxA)\A£)} = 
A \ {0} (and upon writing A = Ai — A2), one gets 

.^^^^¥A^^^ H (^1 ' ^2) || C" xC" = ^ II ^ 

(Ai,A2)e(AxA)\AD 2 AeA\{0} 

which, upon recalling (11. 2p and (12. ip . gives (13. 3 p immediately. □ 

Next we let n : A X A ^ A X A he the blow-up of A x A along 
D with the associated exceptional divisor given by E := n^^{D). We 
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consider the hne bundle plL^p^L over AxA, and denote its pull-back 

to A X A by 

(3.6) C:=tt*{pIL(S)pIL). 

Then the Seshadri number e(j9^L ® P2L, D) of p^L (S) P2L along D is 
defined by 

(3.7) e{plL ® pIL, D) := sup{ e G M | £ - is nef on Ay^A} 

(see e.g. [L2, Remark 5.4.3] for the general definition and [D] for its 
origin). Here as usual, an M-divisor F on an algebraic manifold M is 
said to be nef if F ■ C > for any algebraic curve C C M. Our main 
result in this section is the following 

Proposition 3.2. Let {A, L) be a polarized ahelian variety of dimen- 
sion n, and let C be as in Ii3.()\) . Then C — aE is nef on Ax A for all 
< a < I ■ m{A, L). In particular, we have 

(3.8) e{plL®p;L,D)>^-m{A,L). 

Proof. First it is easy to see from ( 13. 6p that C is nef, and thus the 
proposition holds for the case when a = 0. Now we fix a number a 
satisfying < a < | ■ m{A, L). Then it is easy to see from Lemma [XT] 

that a = vrr^ for some r satisfying < r < V"^^^^^^^''^^>^^\ p^j. g^Qj^ 
such r, we let Wr be the geodesic tubular neighborhood of D in Ax A 
of radius r as defined in fl2.3p (with T and S there given hj A x A 

and D respectively). Let C be an algebraic curve in A x A. First we 
consider the case when C is irreducible and C E, so that tt{C) ^ D 
and C coincides with the strict transform of vr(C7) with respect to the 

blow-up map vr (i.e., C = 7r(C) in terms of the notations in Section [2]). 
Then by (13.11) . (13. 6p and upon taking the direct image vr,,,, we get 



(3.9) C-C = [[C]A7r*ujAxA 

J AxA 

[7r{C)] A UJAxA 



AxA 



> / [Tt{C)]AUAxA 

> 7ir^ -{E-C) (by Proposition ES]) , 
= a -{E-C). 
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In other words, we have 

(3.10) {C-aE)-C>0. 

Next we consider the case when C is irreducible and C d E. By 
considering translation-invariant vector fields on D and A x A, one 
easily sees that the normal bundle A'^oKAxyi) is holomorphically trivial 
over D. It follows readily that the line bundle [E]\^ is isomorphic to 
cr*Cpn-i(— 1), where a : D x P""^ — )■ P""-*^ denotes the projection onto 
the second factor. Hence E ■ C < for any irreducible curve C G E. 
Together with the nefness of £, it follows readily that (13.101) also holds 
for the irreducible case when C G E. Finally one easily sees that (I3.10p 
for the case when C is reducible follows readily from the case when C 
is irreducible. Thus we have finished the proof of the nefness of £ — aD 
for all < a < I ■ m{A, L), which also leads to (13. 8 p readily. □ 



4. Projective normality 

In this section, we are going to give the proof of Theorem II. 3[ and 
we follow the notation in Section |3l First we have 

Proposition 4.1. Let {A,L), n, E and C he as in Proposition }^.^ If 
C (g) 0{—nE) is nef and big, then L is projectively normal. 

Proof. By [ly. Proposition 2.1], one knows that the surjectivity of the 
multiplication maps pr in (II. ip for all r > 1 will follow from the sur- 
jectivity of p2 (i.e., the case when r = 2). Thus to prove that L is 
projectively normal, it suffices to show that the multiplication map 

(4.1) p : H^A, L) (S) H\A, L) — ^ H\A, L®^) 

(as given in (II. ip ) is surjective. We are going to reduce this to the 
question of vanishing of a certain cohomology group on Ax A following 
the standard approach in [BEL, Section 3]. Here tt: AxA^AxA 
is the blow-up oi Ax A along the diagonal D as in Section |3l Consider 
the short exact sequence on Ax A given by 

(4.2) — > p\L®pIL®X — >pIL®pIL — >p\L®pIL\^ — ^ 0, 

where X denotes the ideal sheaf of D. Note that p\L ® P2^d ~ -^^^ 
under the natural isomorphism D = A, and one has if°(A x A,p\L ® 
pIL) = H^{A,L) (g) H^{A,L) by the Kiinneth formula. Together with 
the long exact sequence associated to (14.21) . one easily sees that p is 
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surjective if H^{A x A,p\L ^p^L ®X) = 0. But one also easily checks 
that 

H\Ax A,pIL^p;L®I) = H\TxA,C®0{-E)) 

(4.3) = H\'A^A,K^^®C®0{-nE)), 

where the last line follows from the isomorphism K-^^ = tt*KaxA + 
C((n - 1)E) = 0{{n - 1)E). Finally if £ ® 0{-nE) is nef and 
big, then it follows from Kawamata-Viehweg vanishing theorem that 

H^{A X A, K^^®C®0{-nE)) = 0, which together with f Oj) . imply 
that p is surjective. □ 

Lemma 4.2. Let {A,L), n, E and C be as in Proposition \3.2i If 
C ® 0{-nE) IS nef and L" > (2n)", then C ® 0{-nE) is big. 



Proof. Note that 



n! ■ n\ 

Recall that we have the identification E = D x P"^i from the proof 
of Proposition 3.2. Denoting hj a : E ^ pn-i g^^^ rj : E ^ D = A 
the projections, we have 0{E)\e = o"*Cpn-i(— 1) and C\e = rj*{L®L). 
From these, a straight-forward calculation gives 

(4.4) (£ ® 0(-nE) f'' = ■ L" ■ (L" - (2n)"). 

n! ■ n! 

Together with the well-known fact that a nef line bundle is big if and 
only if its top self-intersection number is positive, one obtains the 
lemma readily □ 

Finally we complete the proof of our main result as follows: 

Proof of Theorem \1.3[ Let A(di,-,d„) denote the moduh space of n- 
dimensional polarized abelian varieties {A, L) of a given polarization 
type di\d2\ ■ ■ - {dn and satisfying 

gn 

(4.5) di---dn> — ■ -r, 

2 nl 

and recall that 

(4.6) h\A,L) = d,---dn = ^ for all (Ai^) e 

nl 

By [Ba, Theorem 1], there exists some (^o; Lq ) G A(du-,dn) such that 

(4.7) m(A„, L„) = i ^21^. 

71 
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Let Lo be the line bundle over the blow-up Aq x Ao of Ao x Ao along 
the diagonal (with exceptional divisor as in Proposition 13.21 From 
(14. 5p . (14. 6 p and (14. 7p . one easily checks that n < | • m(Ao, Lq). Thus it 
follows from Proposition 13. 2l that Co®0{—nEo) is nef. One also easily 
checks from (14.51) and (14. 6 p that > (2n)", and thus by Lemma [4.2[ 
the nef line bundle Co ® 0{—nEo) is also big. Then it follows from 
Proposition 14. II that (Ao, Lq) is projectively normal. Finally it is easy 
to see that the existence of a projective normal (A^, L^) implies readily 
that a general {A,L) in A(^di,- ,dn) is projectively normal. □ 
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